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Abstract 

Motivated by the possibility of formulating a strings/black hole correspondence in AdS space, 
we extract the Hagedorn behavior of thermal AdS3 bosonic string from 1-loop partition function 
of SL(2, R) WZW model. We find that the Hagedorn temperature is monotonically increasing 
as the AdS radius shrinks, reaches a maximum of order of string scale set by the unitarity bound 
of the CFT for internal space. The resulting density of states near the Hagedorn temperature 
resembles the form as for strings in flat space and is dominated by the space-like long string 
configurations. We then argue a conjectured strings/black hole correspondence in AdS space 
by applying the Hagedorn thermodynamics. We find the size of the corresponding black hole 
is a function of the AdS radius. For large AdS radius a black hole far bigger than the string 
scale will form. On the contrary, when the AdS and string scales are comparable a string size 
black hole will form. We also examine strings on BTZ background obtained through SL(2, Z) 
transformation. We find a tachyonic divergence for a BTZ black hole of string scale size. 
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1 Introduction 



The critical behavior of string theory near the Hagedorn temperature is known to be relevant to 
the strings/black hole correspondence pQ, [2]. Especially, the Hagedorn entropy roughly matches 
the Bekenstein-Hawking one at the correspondence point, i.e. when the Hagedorn and Hawking 
temperatures are of the same order. Moreover, the Hagedorn string can be treated as a thermal 
scalar [3] due to the appearance of the Euclidean time-like unit-winding tachyon [4], [5], [6]. The 
above results were done in the flat space. It is interesting to understand the Hagedorn behavior in 
curved space where some intrinsic curvature scale may play a role in understanding the ol effect. 
Among these, the Anti-de Sitter (AdS) Hagedorn string is the most interesting in light of the 
AdS/CFT correspondence. 

At low energy, there is a Hawking-Page transition occurring at temperature Tjjp ~ ^-/^Ads 
such that the thermal AdS space condenses to AdS-Schwarzschild black hole. The Hawking-Page 
temperature Thp is far below the Hagedorn temperature (3~ . However, if we superheat the 
AdS strings above Thp and approach P^ 1 , we may wonder how the effect of the curvature scale 
k = {lAds/h) 2 comes into play and affects the Hagedorn behavior. Naively, the AdS curvature scale 
provides a finite size effect of the ambient space, so that one would like to see if the strings/black 
hole correspondence principle in flat space can be generalized to the AdS case. To give some clue in 
answering this question, we will compare the Hagedorn entropy and the Bekenstein-Hawking one 
in AdS space. We re-write the Bekenstein-Hawking entropy of the AdSd+i-charged Schwarzschild 
black hole (d > 2) in the following suggestive form 

1 4- d r + u 2 

Sbh = : r l AdS PbhM, (1) 

l AdS 

where M and r + are the mass and size of horizon of the black hole. The inverse Hawking tem- 
perature Pbh and the chemical potential p conjugate to the charge Q are written respectively 
as 

a 47Tl AdS r + „ _ W d+lQ (0 s 



where is a constant related to the Newton constant in d + 1 dimensions. Note that the pre- 
factor in front of PbhM in ([1]) is always of order one for any value of r + /l J ^ c is, that includes the 
charged Schwarzschild for r + /lAdS ~ 0. This suggests that the underlying density of states takes 
the form as p ~ e^^ M ^ M , not as particle- like, i.e. p ~ M a that yields S ~ InM. 
Compare ([T]) with the expected Hagedorn entropy of string 

S string = Ps{k)M, (3) 

we may have strings/black hole correspondence whenever (3 S ~ (3bh so that Sbh ~ S s t T ing- This 
then generalizes the strings/black hole correspondence in the flat space to AdS space (see section 
[5] for more arguments). 
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Similarly, for d = 2, the entropy of the BTZ black hole is 

Sbh = 2 \-l AdS ^\ BH M (4) 

where the Hawking temperature and the chemical potential conjugate to the angular momentum 
J are 

(3bh = 27TpAdS = n l ^, v = 4G N J/r 2 + , (5) 

respectively, where Gat is the Newton constant. This is also Hagedorn-like. 

Motivated by the strings/black hole correspondence, it is interesting to explore the Hagedorn 
behavior of AdS strings and extract the dependence of Hagedorn temperature and the density of 
states on the AdS curvature scale. However, this is hard because the AdS string theory usually 
has not been exactly solved. Despite that, in j9[ [10] the authors discuss the issue for AdSs case 
by approximate methods. They argue that the Euclidean AdS black hole can be thought as the 
condensation of the thermal scalar in a compact space, which then have the Hagedorn-like density of 
states. More recently, a nice paper [TT] in developing the techniques of re-summing the worldsheet 
diagrams of the AdS string in the Hagedorn regime has been done by introducing the double scaling 
limit, and the relation between Hagedorn behavior of AdS string and its dual Super- Yang-Mills 
(SYM) theory is explicitly uncovered. Earlier discussions on the Hagedorn strings by exploiting 
the Hagedorn behavior of the dual SYM theory [T2] can be found in [T3J Q31 [Td] . 

Instead, in this work we will discuss the Hagedorn behavior of the bosonic string theory on 
Euclidean AdS% x M. , which is exactly solvable [16] and whose 1-loop partition function was given 
in [TTJ. By directly studying the partition function, we can see how the curvature scale k affects 
the Hagedorn behavior, and extract Hagedorn temperature and the density of states. Our main 
result is following. The Hagedorn inverse temperature and the leading behavior of the density of 
states of the Hagedorn string in the micro-canonical ensemble are 



and 

ppAdS E 

<W « ^ t+ l)/2 + l > W 

respectively. In the above we have assumed Cj n £-dimensional "internal space" M is flat and non- 
compact. An essential difference from the flat space string is the appearance of infinite new long 
string degrees of freedom |16[ 117] , and it is interesting to see how the Hagedorn thermodynamics 
encodes these topological information as the case in flat space. Moreover, for unitary internal CFT 
the value of k should be larger than 2 + ^ (> |). This implies that the Hagedorn temperature 
cannot be infinite. 

We will organize our paper as follows. In section 2 we will briefly review the path integral 
formulation of thermal AdS3 string theory, and set up our notations. In section 3, we first discuss the 
pole structure of the integrand of the partition function in subsection 3.1. Due to the existence of the 
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long string configuration spreading over the AdS space, the pole structure is more complicated than 
the one for the flat space string. In subsection 3.2 we extract the Hagedorn temperature and the 
corresponding density of states. We obtain the explicit fc-dependence of the Hagedorn temperature, 
which is monotonically increasing as the AdS curvature grows. Moreover, we can identify the 
contribution of the long string to the Hagedorn spectrum. Based on the partition function in the 
Hagedorn regime obtained in section 3, we discuss corresponding Hagedorn thermodynamics in 
section 4, which is in close resemblance to the case in flat space. In section 5 we discuss some 
implication of our results to a conjectured strings/black hole correspondence in AdS3 space. In [19] 
some aspects on the correspondence between strings in AdS3 and BTZ black hole are uncovered by 
taking a different approach in that the parameter k is varied. Instead here we examine the theory 
by changing temperature (3~ 1 with fixed k. In section 6, we investigate the Hagedorn behavior of 
the strings in BTZ black hole by SL(2, Z) transformation acting on the boundary torus of AdS3. In 
section 7 we briefly comment on the case with nonzero chemical potential and conclude our work. 
In Appendix we give a technical discussion about the sub-dominant contribution to the Hagedorn 
partition function. 

Noted added in proof: In the final stage of drafting this paper, we are informed a related 
on-going work [36] 0. 



2 AdS3 string and its thermal partition function 

The bosonic string theory in AdS3 space can be realized as a SL(2, R) WZW model and is solvable. 
The spectra and 1-loop thermal partition function have been studied in [16j and [T7] respectively. 
In these papers, it was pointed out that the complete string spectra are generated by the spectral 
flow symmetry of the theory. Moreover, the continuous branches of the spectra represent the long 
string states extending along the radial direction to the AdS boundary. These long string spectra- 
flowed states appear as poles in the partition function, which are absent in the flat space case [§. 
These new poles will play an essential role in the Hagedorn regime as will be shown. 

We consider the string on AdS% x M, where an internal manifold M is described by a sigma 
model that provides appropriate central charge. The worldsheet conformal field theory contains 
three part, the one for AdS3, the one for M. and the (6, c) ghosts. The 1-loop partition function 
has been studied in |17|. Here we will review it and set up the convention of the notations. We 
first consider the AdS3 part and then combine the rest twos. 

The metric on Euclidian AdS3 in the global coordinates (p, t, 6), all of which are dimensionless, 

is 

ds 2 

— = cosh 2 pdt 2 + dp 2 + sinh 2 pd9 2 , (8) 
a k 

where k = is a dimensionless number. It is convenient to use coordinates (V, V, defined 

x See also [37] . 

2 Strictly speaking, the poles exist at the boundary of moduli in the flat space case. 



3 



as 



V = Va'ksmhpe , V = V a'k sinh pe , <3? = Va'k(t - lncoshp), 
in which the metric becomes 



ds 2 = d$> 2 +[dV + 



This becomes the flat metric in the limit k — > 
identifications in the global coordinates 



0) 



(10) 



Thermal AdS3 is defined by the following 



t + i$ ~ t + iO + (5/\fa r k + ifj,(3, 



(11) 



were (3 is the inverse temperature of thermal AdS3 and ifx is the imaginary chemical potential for 
the angular momentum. We impose the identifications 



The WZW action in these coordinates is 
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TTCt 



d 2 z 



(12) 



(13) 



Due to the identification (|12j) . the boundary conditions on the worldsheet torus become 



&(z + 2ir) = &(z) + fin, 
V(z + 2tt) = V(z)e m ^, 



&(z + 2itt) = $(z) + /3m, 
V(z + 2ttt) = V{z)e im ^, 



(14) 



where n, m £ Z. As shown in [T7] by adopting the technique in dealing with path integral of H3 
WZW model [20J, one can exactly evaluate the partition function of the AdS sector, and the result 
is 

e -/3 2 |m-nr| 2 /47ra'T 2 +27r(Iml/„, m ) 2 /T2 



/3(1 - 2/fc) 1 /2 



(47r 2 a / r 2 ) 1 /2 



(n,m)^(0,0) 



|^i(r,?7„, m )l 2 



i/3(nr - m) / 1 . r 

UnAT) = -iW^\Tk~ Wa] ' 



where 



and the theta function is defined as 

00 

tfi(r, 17) = 2q 1 '* sin(7rC/) [J (1 - g m )(l - zg m )(l - z -1 ^), 

m=l 



(15) 



(16) 



(17) 



where q = e 2mT ,z = e 2mU . Note that the (m, n) = (0,0)-sector is modular invariant and cor- 
responding to zero temperature contribution, therefore we can neglect it in our discussion about 



3 In contrast, the metric in [17] does not reduce to flat space one in the limit k — > 00. Their coordinates are related 
to ours in Q by an overall scaling by Vk. 
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Hagedorn behavior. Moreover, in (I15p there is a shift 2/k in the overall factor (1 — 2/k) 1 / 2 due to 
the chiral anomaly arising in the integration of V and V. To ensure reality of Z^dSi we should re- 
quire k > 2. Here we also like to point out that only the temperature direction has the momentum 
zero-mode whose (Gaussian) integration giving rise to the factor (4m 3 o^t^)~^ 2 in (|15p . The radial 
and angular directions do not have such kind of zero-modes, thus provide no corresponding factor. 
The ghost part contribution to the partition function is 

oo 

Z 9 h(r) = |r/(r)| 4 = (qqf^\ J](l "<f )| 4 - (18) 

n=l 

We also have the contribution from the internal space which will depend on the type of internal 
space. Moreover, there is constraint on the central charge Ci n t of internal CFT, that is, the central 
charge Ci n t should satisfy the anomaly free condition 

CSL{2,R) + Cint = 26. (19) 

Since the central charge for the AdS3 sector is c S l(2,r) = 3 + r^, thus the central charge of the 
internal CFT should be 

Cint = 23 - -j-^. (20) 

For the internal CFT to be unitary, we should require Ci n t > 0, that is, we should constraint k by 
a lower bound as following 

k>k = 2 + -. (21) 

For simplicity and concreteness, we assume that the internal space M is flat and non-compact 
and its corresponding CFT is described by Q n t free bosons0. Therefore, the corresponding partition 
function is 

Z ln t{r) = (qq)~ c ^l 2A £J D(h, h)q h q h = V mt (^ 2 ^T 2 )- c ^ /2 \v(r)\~ 2cM (22) 
h,h 

where Vi n t is the volume of the internal space. Here we also assume there is no non-trivial cycle in 
Ai around which string can wind. 

The total partition function is obtained by integrating the product of the above partition func- 
tions over the fundamental region, i.e., Fq, that is 

72„ 



f d l T 
= / ~ A ZghZintZAdS 

Jf 4t 2 



f d 2 T [5(1 - 2/fc) 1 / 2 |?7(r)| 4_2c " It ^ e -/3 2 |m-nr| 2 /47ra'r 2 +27r(ImC/„, m ) 2 /r2 

Vmt Jf 4^ (Wt5)(«-+i>/2 „ \Mr,U n , m )\ 2 ' (23) 



where (n, m) ^ (0, 0) in the sum is understood. 

As shown in |21l I22j . using the fact that (n,m) transforms as SL(2, Z) doublet, we employ the 
SL(2,Z) transformation to map the fundamental domain into the strip R : t 2 > 0, |ti| < 1/2, so 



4 One can consider more general types of CFTs for internal space, however, the detailed Hagedorn thermodynamics 
will depend on the choice. We just choose the free boson for explicit calculations in the later sections. 
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that we can keep only n = term in the partition function, and change the modular integration 
over Fq to the one over R. 

Moreover, in dilute gas approximation it is enough to consider only the single string partition 
function which is given by m = ±1: 

i/n f d 2 T \n(T)\ A ~ 2Cmt e -(i-2A)/3 2 /4WT 2 
ZM = Wtoftl - 2/k)W / uTTTFT, , (24) 



J R 4r 2 (4vr 2 a / r 2 )( c ^+ 1 )/ 2 |i?i(r, C/ ,i)| 2 
and the partition function of the string gas as follows (see e.g. |10j ) 

~ e Zl(/3) . (25) 

In the next section we will extract the Hagedorn behavior from this single string partition 
function. 



3 AdS3 strings at Hagedorn temperature 

In this section we would like to show the existence of the Hagedorn phase in AdS3 space by the 
saddle-point approximation, and then extract the density of states out of the partition function, 
which is relevant in determining the Hagedorn thermodynamics. As for the flat space string, these 
information are encoded in the UV/IR regime in the integrand of the partition function over the 
strip domain R. However, as we will see that we have additional poles in the moduli associated 
with the long strings than in the flat space, we need to check if these poles make contribution to 
the Hagedorn density of states or not. 

In the following we will set a' = I 2 = 1 for simplicity. This is equivalent to measure the inverse 
temperature (3 by the unit string length l s . With this, recall that 

3.1 The location of poles 

From the expression of the single string partition function (|24p . the poles of the integrand are 
encoded in the zeros of i?i(t, IT). Especially, we are interested in the Hagedorn regime, which turns 
out to be in the limit of T\, t<i — > 0. We will study the behavior of #i(t, U) and extract the Hagedorn 
behavior. To this end, it is convenient to use a form after modular transformation. The modular 
property of theta function [§ yields 

\Mr,U)\ =2\t\-^ 2 er~re — ~ sin ( — J [J(l - e~— )(1 - e ? — )(l-e r — ) . (28) 



r=l 



5 Modular transformation is 

01 (r, U) = i(-ir)- 1/2 exp(-7ri[/ 2 /-r)^i(-l/r, U/r). (27) 
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We see that the theta function has infinite number of zeros which give rise to poles of the partition 
function. We will investigate the locations of these poles over the strip domain. Without loss of 
generality we require \i > 0. 

First of all, let us examine the poles coming from the zeros in the factors n^Li(l — e~ 2mr ^ T ) 
(which is common in Zi n t and Z g h)- These poles also appear in the flat space string. They locate 
on the Ti-axis as follows 

71 = -, T 2 = 0, u> = ±l,±2,... , r = l,2,---. (29) 
w 

Here we should only include the poles inside the strip domain, i.e. 7~2 > 0, |ti| < 1/2. As will be 
shown later, the integrand for the partition function has the saddle-point located at T\ = 0, which 
does not appear in ([23]) . Therefore, these poles do not play essential role at the Hagedorn regime. 

Now we will consider the poles which are absent in the flat space string but arise here due to 
the compactness of the AdS space. As shown in [16] [T7] these additional poles are associated with 
the long strings which transverse the AdS space. Let us examine the zeros appear in the factors 
n^li(l - e - 27ri(r+u ^ T ). The exponents are 



2vri(r + */) = — 



rl 2 



(2irr - (i/3) r 2 - -^Lri - i j (2irr - fi/3) t\ - -^=r 2 



(30) 



To yield a zero in the factors, the real part has to vanish, i.e., 

72 



n (2irr - n/3)Vk' 



1,2,..- (31) 



which define "pole lines" of slope 72/71 labeled by r. The locations of poles on each pole line are 
determined by the condition that the imaginary part of (|3U|) should be 2nw, w S Z. Together with 
the condition ([3T]) . it is easy to see that the poles from the factor rj^ =1 (l — e _27r ^ r+f/ ^ T ) are located 
at 

Tl = -^(2,r-,P), n = ^JL, . = 0,1,2,-.., r = l,2,.-.. (32) 

Again we should only include the poles inside the strip domain. For example, if /i = 0, the w = 
pole should be ruled out. 

Similarly, we can read off the pole lines and the poles on them from the factors in Hr^=i(l — 
e -2m(r-U)/Ty rpj^ p Q j e \[ nes h a ve the slope 



T2 P 



n (27rr + n0)y/k' 

and the poles locate at 



1,2,--- (33) 



Tl = J—(2irr + fi(3), t 2 = -^—^=, w = 0, 1, 2, ■ ■ ■ , r = !,%■■■. (34) 
For fi = the w = pole is outside the strip domain. 
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Figure 1: The pole structure of the integrand of the partition function. The strip domain R is 
divided into many pairs of the nearly-triangular-strip sub-domains labeled by A s . 



Finally, the sin factor has a pole line with slope 

T 2 1 



on which the poles are distributed as 



(35) 



T i = ~ , t 2 = j=, w = 0,1,2,- •• . (36) 

For fj, = 0, the poles are understood to be located on the positive T2-axis, and w = pole is located 

at T\ = 0, T2 = oo. 

It is interesting to note that the pattern of the pole lines is invariant under r — ► r ± 1, this 
implies that it is enough to consider the range < fj,/3 < 2ir. This is consistent with our earlier 
requirement in (|12p that fj,/3 is an angular parameter. 

3.2 Evaluating the partition function 

It will turn out that the information about the high temperature behavior of string is encoded in 
the small r 2 region in the moduli integral (|24p . The asymptotic behavior of its integrand indeed 
depends on how it approaches the origin. We decompose the strip domain R into pairs of the 
smaller nearly-triangular stripes in between the pole lines as follows: 

(-2tt(s + 1) + fi(3)Vk n (-2irs + n/3)Vk 

s : a — ^ a ' 

P T 2 P 

(27ts + fi(3)Vk n (2vr( g + l) +/ u/3)v^ 

a ^ — < a > a = 0,1,... (37) 

P T2 P 
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where poles sit on the boundaries of each A s . The integration can be decomposed as 

oo „ 

d 2 T-.. = Y / d 2 T--- (38) 

and the partition function is also decomposed accordingly 

oo 

Z l {(3) = y j z s {f3). (39) 

s=0 

The integrand in each domain takes different asymptotic form. This integral is divergent due to the 
poles in the integrand, so we should regularize it to apply a well-defined saddle point approximation 
to extract the Hagedorn behavior. To do so, we formally remove the neighborhood of the poles of 
the integrand in the r 2 integral. The explicit form of the regularized integral is in piecewise form 
as follows: 

roo oo „ P 1 

Later on we will see that these divergences from poles corresponds to the infinite warped factor felt 
by the long strings at spatial infinity, thus is the IR divergence. Moreover, we should point out that 
the form of the IR-regulator is not unique and here we choose the form for our own convenience. 
For example, another choice is J 2 ™*^ g T2 .... However, it is easy to convince oneself that the 

different choice of the IR-regulator will not affect the leading contribution to the partition function, 
which is proportional to lne. 

Note the above prescription holds for any fx. However, in the following we will set fx to zero 
for simplicity, and then evaluate the partition function for each domain A s . Especially we will try 
to extract its behavior near the Hagedorn regime. We evaluate the contribution to the partition 
function from the sector Ao which turn out to dominate over the one from A s ^ near t ne Hagedorn 
temperature. In Appendix we argue that the contribution from A s ^o is sub-dominant. 

3.2.1 Partition function from s = sector 

Now we will extract the Hagedorn behavior from the sector Ao which covers the T2-axis and a series 
of poles on it due to the sin factor in #i, i.e. t\ = 0, r2 = — ^—t= with w = 0, 1, ■ ■ ■ . 

k 

The contribution to the partition function from sector Ao is zq, near the origin T\,T2 — we 
can approximate zq by using the modular property 

|0i(t, U)\ ^ 2|r|- 1 /2| e -(t/ 2 +i/4)- 2 /|rP gin (?Uf^ I (41) 

and 

— 7TT2 

|t/(t)| ~ |r|" 1/2 e^FF, (42) 
where we have used the fact that the factor 1 — e - 2mr / T goes to 1 as long as 

M = fixed <^5 ) as r 2 ^0. (43) 

T~2 P 
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We will see that the saddle point is located at t\/t 2 = and therefore the above constraint is 
consistently satisfied. 

The asymptotic behavior of the integrands Z^Si %int and Z g h are then approximated as follows: 

42 



ZAdS 



Z. 



— '- — '— e (4tt 2 ) ! 

2(4vr 2 r 2 ) 1 /2 

Vint 



sin 



i@f 



2 ■ 



hit 



(4lT 2 T 2 ) Cint / 2 



| c mtg 6|t| 2 



^ - kl 



(44) 

(45) 
(46) 



Note that the leading exponent in (|45p is universal for compact unitary CFTs by the property of 
the modular invariance of the partition function [18]. Moreover, it is easy to verify for oneself from 
the calculations below that the Hagedorn temperature will only depend on this exponent and will 
be universal^. On the other hand, the other Hagedorn thermodynamic quantities will depend on 
also the non-universal part of (145 j) . 

Under the above approximation, the partition function becomes 



where 



V; 



vat 



oo „ 

lim > / 

6-0 



dr 2 (3(1 - 2/k) 1 / 2 



. 1 4ro f47T 2 T9 % ) ( c int + l)/2 



exp 



(1 - 2/k)p 2 

4-TTTo 



1/2 
■1/2 



^ Tl | r |Ci„t 1 



sin 



2Vk\r\ 



exp 



(Cjnf + 1 ~ 3(3 2 /klT 2 ) 7TT 2 

6 Irl 2 



(47) 



(48) 



Then we will evaluate the T\ integral with fixed r 2 by the saddle-point approximation. Let us 
introduce x := ti/t 2 , and we can write 

•1/272 



where 

G(x;r 2 ) 



Cint 1 



ln(l + x 2 ) +2 In 



<ixexp(— G(x; r 2 )) 



1/272 



. / p(l + ix) 
sin — = 

\2VkT 2 (l + x 2 ] 



7r(c int + 1 - 3(3 2 /kir 2 ) 
6t 2 (1 + x 2 ) 



(49) 



(50) 



It is easy to see that 
G'(x;t 2 ) 



(l-c int )x ir(c int + l-3P 2 /kTr 2 )x 



l + x 2 



+ 



- cot 



f P( 



1 + ix) 



3r 2 (l + x 2 ) 2 



V2 v / fcr 2 (l + x 2 )/ 2y/kT2 



-2x(l + ix) 
(l + x 2 ) 2 



+ 



l + x 2 



+ c.c. 



(51) 



Though the expression (|5ip looks rather complicated, it is straightforward to find that x = is an 
extremal point such that G'(0; t 2 ) =0. Thus we have 



J(r 2 ) ~ T c 2 mt 





-2 


8111 Gv^w 


exp 



TT(c int + 1 - 3p 2 /kTT 

6r 2 



2M 



2tt 



G"(0;r 2 ) 



(52) 



3 We thank the authors in [36] for pointing this out. 
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Note that as in the case of flat space the 1/t 2 factor in the exponential of (f52j) provides the required 
form for the Hagedorn partition function when combining with the similar factor in (|47j) . but the 
additional dressing sin factor encodes the pole structure of the partition function rendering the 
discrete Hagedorn spectrum, which is different from the case in flat space. 

Furthermore, to ensure that x = is a stable saddle point we should require 



G"(0;t 2 ) 



1 



7T 



C-int ~\~ {pint ~i~ 1 
OT 2 



3^. 
kir 2 ' 



P 



2^/k 



T-2 



4 cot 



P 



T-2 



P/Vk 



TO 



sin 



'iP/2y/k 



T2 



> 0. (53) 



Since G"(0;t 2 ) is positive only for small t 2 , we need to impose a lower bound w m i n in the w- 
summation of (|47p or equivalently an upper bound r™ ax in the T2 integration, so that 



G (0,T 2 







(54) 



then 



w 



l (P) ■■=! + 



P 



2TTT™ iax 



(55) 



] is the Gauss's symbol. This then excludes the w = mode which locates at t 2 = oo, 
> 1. 



where [ 
thus w„ 

Numerically we find that there are two more unstable extremal points other than x = 0. 
However, in the t 2 — > limit, i.e. the Hagedorn regime, they are sub-dominant in the partition 
function as compared with the contribution from x = 0. This is similar to the flat space string in 
which the subdominant saddle points give only power law of t 2 for the corresponding I(t), thus it 
is not compatible with the exponential blow-up of the Hagedorn spectrum. 

The partition function can then be put into a form which highlights the Hagedorn behavior as 
follows 



zo(J3) 



V int (3(l - 2/fc) 1 / 2 

8(47T 2 )( C "" + 1 )/ 2 

(3 \ -- ! 



oo 

lim > 



1 
2nVk (w+l-e) 



dr 2 T, 



(c int -3)/2 



2vr 



G"(0;r 2 ) 



sm 



2Vkr 2 



cxp 



p 



2 - ft 2 

l J AdS 
4ttt 2 



where 



PAdS ■'- 



27T 2 (c int + l) 



Air 



k - 9/4 



(56) 



(57) 



Recall that we have set a' = 1. The exponent factor in (|56p takes the standard form of the Hagedorn 
spectrum, namely, it is suppressed as t 2 — > if P > PAdS, we can then identify PAdS as the inverse 
Hagedorn temperature of string theory in AdS3 x M Y\. This Hagedorn temperature is universal 
for compact internal unitary CFTs. 

The result shows that the Hagedorn temperature is monotonically decreasing as k grows. In 
the large k limit this becomes the Hagedorn temperature in the flat space, as it should be. In 



7 For similar arguments on the effect of background fields on the Hagedorn temperature, see e.g. 
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the small k regime the a' effect on the background is important since the AdS curvature scale is 
large. We find that there is a lower bound for k, i.e. k > 9/4 in order to have Hagedorn behavior 
occurring at finite critical temperature 1/(3 AdS) otherwise (3 2 AdS is negative. It is interesting to see 
that ko rj 2.26 in (|2ip for unitary internal CFT is slightly larger than 9/4. This means that the 
Hagedorn temperature cannot be infinite if the internal CFT is unitary. The maximal Hagedorn 
temperature is about 0.388 l' 1 at k = ko. 

In summary, though the inverse Hagedorn temperature in AdS3 depends on k, it is of order of 
the string scale for all physical values of k consistent with the unitarity constraint of the internal 
CFT. 

Furthermore we can approximate (|53j) in the region where r 2 is very small, and the result is [§ 



G"(0;r 2 )~2 
The partition function then becomes 
y/W ira (k - 2)V2 



0/2Vk- 



T-2 



sin(/3/2v / fcr 2 ) 



(59) 



MP) 



4(4tt 2 )( c ^ +1 )/ 2 



lim 



E 



2nVh 



, I 3 1 
W = W min 2ir-/k (w + l-e) 



dr 2 T^ 



(c int -l)/2 



exp 




47TT2 




sin ^ 








2VkT 2 J 





(60) 



It is convenient to change the variable by introducing y := (3/2irVT:T2 so that the poles due to the 
sin factor locate at y = w, w = w m i n ,w m i n + !,•••, which is now excluded from the integration by 
the cut-off. The partition function becomes 



4(4vr 2 )( c -* +1 )/ 2 



lim 



E 



w+l- 



W + € 



dy 

y 



(3 



2 , K\fky 



{c int +i)/2 exp 



$ dS Vky 



sin (Try) 



(61) 



From this, we can formally read off the (single-string) density of state of the Hagedorn spectrum 
for the thermal AdS3 string when (3 ~ (3acLS as follows 



PAdS 3 ( E ) ~ E ~ 



t+3 



sm 



irE 



jAdsE 



(62) 



Compare with the flat space Hagedorn density of states, there is an additional sin factor in pAdS 3 
which renders infinite number of poles in it. From the spectrum analysis done in [T7], we know 
that these poles are related to the long string configurations which are absent in flat space. The 
divergences associated with these poles are nothing but the infinite AdS3 warped factor at spatial 
infinity felt by the space-like long strings, which corresponds to the infinite AdS3 volume. Note 
that the IR divergence of the flat space string is explicitly represented by the zero modes in the 

oo. The leading behavior in 



However, this is not the leading contribution when we consider the flat limit k 
the limit is given by 

w 2 



G (0; ti) ~ — ( dnt + 1 — 



3t 2 



(58) 
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path-integral. On the contrary, in AdS space the zero modes are not explicit in the WZW model 
formulation due to the lack of the translational invariance in the radial direction, and we need to 
extract the IR divergence corresponding to the infinite AdS volume by manipulating the integration 
over poles in (foTj) . 

It is obvious that the main contribution in each integration in (|6ip is given at the end points 
of the integration and it behaves as lne which relates to the aforementioned IR divergence in 
the partition function. To see this explicitly, we expand the sin factor around y = w with new 
integration variable t = y — w : 



| sin (ir(w + t)) | = \(-l) w TTt + ---\. 
Therefore we can extract the divergence of the partition function as 



lim 



dt 



|(-l)™7rf| 



+ 



tt — ^ r | Y(w + t) ~ lim f - lne ) Y(w) 



where 



= ^V mt (k-2)^ ( (3 \ 
yy} 4 (4 7r 3)(c int +i)/2 I/ \2vVky) 



{c int +l)/2 



cxp 



2 -0 2 



20 



AdS Vk- 



(63) 



(64) 



(65) 



which has no singularity at y = w. In this way, we can extract the IR divergence in the partition 
function as 



lne\V int (k-2) 1 / 2 
2v^ 







8ir 3 Vk 



c int + 1 



E 



c int + 3 

w 2 exp 



- P2 ^ AdS Vkw 
2p 



+ 0(e°). (66) 



We now have a discrete spectrum after extracting the IR divergence. In fact, the discrete 
spectrum can be interpreted as the long strings as follows. Near the Hagedorn temperature, we 
have 



S0 2 := P 2 - 0_ 



AdS 



20Ads(0-0A dS )- 



(67) 



We can introduce a parameter p so that we can rewrite (|66p in to the following form by neglecting 
the overall factor 



zo(0) 



t +4)/2 e -(/?-/3 Ads )E 



where 



E 



wk 



W + —r ) Vk. 



(68) 



(69) 



This is nothing but a piece of the long strings' spectrum considered in [16\ [T7] and p can be 
interpreted as the momentum along the radial direction for the long strings □. This supports our 
interpretation of the IR divergence as the AdS volume felt by the long string at spatial infinity due 
to the fact that they can be at any radial position. 



9 The additional y/k factor in (|69[) is due to our different normalization in (]9} from the one in [161 117] . 
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On the other hand, as j3 ~ Pa<is we can also convert the discrete sum into a continuum one by 
introducing the scaling parameter u := w5(3 2 so that 

E E ^ 2 ^t» *" (70) 

In this way, we can carry out the sum/integral to get 

zo{0) = \^VUk-2^ *** , (p _ pMs)V - kWmU ^ , (71) 

where F(a,x) := f°° t a ~ 1 e~ t dt is the incomplete gamma function. 

Though w m i n is a function of j3 which may complicates thermodynamics, at Hagedorn regime 
one has 

(PAds) (72) 

which is nothing but a number and will not affect the Hagedorn critical behavior. Moreover, as 
~ 0AdS the tfmin-determining equation (j54"|) can be solved for r™ 11 * and w m in- It is easy to verify 
that w m i n = 1 for kg < k < 00 for which there exists the Hagedorn divergence. 



4 Thermodynamics of Hagedorn AdS3 strings 

Summarizing the results in the previous sections, the main contribution to the partition function 
in the Hagedorn regime is from the s = sector, which encodes the long string spectrum in the 
density of states. The asymptotic behavior of the resulting single-string partition function is 

zm = 1 m e | M^ (M^_M) r (_sm+l, v _ AMs) ^ mj „) . (73) 

Note that 

w m in — 1 as just mentioned. 
If we assume the single string dominance and Bose statistics of the string gas, the free energy 
FAds(P) °f the multi-string gas is nothing but 

F AdS = ~\nZ~~z Q (74) 

where Z is the multi-string partition function given in (|25|) , From this, we can extract the thermo- 
dynamics of the Hagedorn string gas in AdS3. 

Before we discuss the thermodynamic quantities of AdS strings from the free energy, it is 
interesting to compare the form of (|73p and (|74p with the one for thermal bosonic string on S x R d 
|25j . namely, 

l3F flat = -CV int (P - p H ) d / 2 T(-^, ((3 - fe)m ) (75) 

where C is some constant and d is the number of non-compact dimensions, i.e. neglecting the 
winding modes. We see that FAdS an d Ffi a t have the same critical behavior and singular structure 
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except that the infrared cutoff mo in the flat space is replaced by Vkw m i n . Therefore, the parameter 
Wmin = 1 plays the role of the infrared cutoff in the AdS space, which cannot be taken to zero. 

Based on the above similarity, we can separate the singular and regular parts of the free energy 
and extract the critical behavior of the free energy as in the flat space string |25[ [26] , and the result 
is 

(3F AdS ~ -h(J3)(p - l3 A ds) {Cmt+1)/2 + regular part (76) 

where 

h(P) = (-iy^/^CV mt \lne\T(^^ + l)- l H(P-p AdS )Vk] (77) 
for (cint + l)/2 is integer, and 

h{0) = (-l)W2 C 7^ nt |ln€|r(^tl + l)- 1 (78) 

for (ci n t + l)/2 is non-integer. 

From (|76p we can derive the other thermodynamic quantities in either canonical ensemble or 
micro-canonical ensemble, for the later we need to evaluate the density of states by the inverse 
Laplace transform of the multi-string partition function, i.e., 

n(E) = / f-/ E Z(P) (79) 

where the contour (denoted by L) is chosen to be to the right of all singularities of Z((5) in the 
complex P plane. Following [3j[25l[26], the resulting density of state for Cj n t + 1 > 3 is 

pPAdsE+ioV 

and the entropy is 

S = In 0(E) = (3 AdS E + n H V + sub-leading terms (81) 

where V is the volume of the Cj n t + 1 "non-compact" dimensions, and 70 and nu are constant of 
order l c s int+l . For < Ci n t + 1 < 3, the density of states is more complicated and the details can 
be found in Moreover, the specific heat evaluated from (f5Uj) is negative and divergent 

at Hegedorn temperature. This implies that the Hagedorn thermodynamics is not well-defined, 
and one should compactify the Cj n f— dimensional internal space because the compactification will 
introduce the sub-leading Hagedorn singularities then make the thermodynamic ensembles well- 
defined. For more discussions on the related issues, see e.g. [31 EU EU [27], and [28] provides an 
example for explicit calculation. 

Another interesting point about the Hagedorn thermodynamics is how it encodes the topological 
information of the underlying spacetime |25[ 126] . More precisely, the number of non-compact 
dimensions of the underlying spacetime (in the sense of neglecting the corresponding winding 
modes) is encoded in the critical exponent of the free energy as shown in (|75p and (|76p . In the 
AdS case, we see that the number of "non-compact dimensions" encoded in ([76]) is Cj n j + 1 in 
analogue to number d appearing in ([75]) for the flat space string. The appearance of Ci n t is because 
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we have assumed the internal space to be non-compact with the translational zero-modes encoded 
in the exponent of the corresponding partition function (122j) . Then one will wonder what does 
the extra one correspond to? We think it should correspond to the radial direction of the AdS3 
and the reason is as follows: Recall that in the AdS partition function (|15p . there is no zero-mode 
associated with the radial and angular directions as can be read from the exponent of T2 in (I15p . 
However, we see that in the Hagedorn regime the long string degrees of freedoms appear in the 
spectrum (|69p extracted from the Hagedorn partition function (|66p . where the parameter p in (|69p 
is the zero-mode associated with the momentum along the radial direction. The appearance of the 
finite energy space-like long strings (|69|) is due to the balance of the string tension and NS-NS B 
field near the AdS boundary |16j . this makes the radial direction effectively non-compact for the 
Hagedorn long strings. 



5 Strings/Black Hole Correspondence Principle in AdS 

In formulating the strings/black hole correspondence in flat space, we expect that the correspon- 
dence point happens as the size of black hole is of order of the string scale [HE] > and the Hagedorn 
entropy of the free thermal strings and the Bekenstein-Hawking entropy of black hole match up to a 
factor of order unity. However, without taking into account of the string interaction, highly exited 
thus widely spreading string configurations dominate at Hagedorn regime so that it is incompatible 
with the Hoop conjecture of black hole formation, thus one should take into account of shrinking 
of the string due to the self-interactions [30J [31J. We may think that the Jeans instability of the 
Hagedorn strings [6 J will induce a formation of black hole, with its Hawking temperature equals to 
the Hagedorn temperature so that the entropies match. However we regard whether the entropy 
of self interacting string remains the same as that of the free string is an open problem. In [29j , an 
alternative interpretation without invoking the self-interaction has been proposed as follows: the 
thermal string is considered to be the stretched horizon of the black hole after tachyon condensation 
0. At the correspondence point where the Hawking temperature and the Hagedorn one match, the 
size of the stretched horizon spreads almost all over the space other than a small region around the 
vicinity of black hole which has a small size comparable to the string scale. Therefore, the black 
hole is indistinguishable from the gas of strings and the entropy of thermal strings explains the 
black hole entropy. 

Following the discussions in flat space, it is tempting to formulate a strings/black hole cor- 
respondence in AdS space by disregarding the dynamical issues discussed in [30] [31]. We can 
then assume that the strings/black hole correspondence in AdS space happens when the Hage- 
dorn temperature is of order of the Hawking temperature. It will be fulfilled automatically that 
the Hagedorn entropy becomes of order of the Bekenstein-Hawking entropy if the above condition 
holds, as can be seen from our discussions in the Introduction. Since the stable AdS black hole 
has positive specific heat, that is, the larger black hole has higher Hakwing temperature. Then, 

10 Before the condensation the local temperature on the region of the stretched horizon is above the Hagedorn 
temperature and the thermal tachyon develops. 
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the correspondence principle implies that the Hagedorn strings in AdS will condense into the black 
hole with the size far larger than the string scale and keeping their entropy. This is quite different 
from the flat space case. 

On the other hand, we have obtained the Hagedorn temperature of strings in AdS3, which has 
a nontrivial dependence on the AdS curvature scale k. This ^-dependence is new to the flat space 
Hagedorn temperature. It is then interesting to see the implication of this /^-dependence to the 
above conjectured correspondence principle. 

First of all, we briefly recall the AdS Schwarzschild black hole in d + 1 dimensions {d > 2) [7] 
[8] . The metric of the black hole for d > 2 is given as 

ds 2 = f(r)d 2 r + r l (r)d 2 r + r 2 dQ 2 (82) 

where f(r) = 1+r 2 /l 2 AdS — Wd+\M /r d ~ 2 with Wd+i = lGirGd+i / (d—l)Qd-i and Gd+i is the Newton 
constant in d + 1 dimensions and f2<2-i is the volume of unit (d — l)-sphere. One may immediately 
read off its inverse Hawking temperature as a function of the Schwarzschild radius r+ which is the 
largest solution of f(r) = : 

Mr + , = ^7-hr- (83) 

a Z l AdS 

We plot this function in Fig [2J Obviously, the black hole solutions exist only above the critical 
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Figure 2: The black hole inverse temperature as a function of Schwarzschild radius in d > 2. For 
d > 2 there are two solutions which correspond to the small and the large black hole. In d = 2, 
there is no solution corresponding to the small black hole. There is only a large (BTZ) black hole 
solution. 

temperature (3~ l = yj d(d — 2) / ic 2m\ AdS- Below this temperature only thermal AdS space can exist. 
However, if the temperature is above the critical one there exist two black hole solutions. One 
is a small black hole which would reduce to an ordinary Schwarzschild black hole in the limit 
^ AdS — > cxD. It has negative specific heat and thus is unstable. Another is a large black hole which is 
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Figure 3: r + /l s v.s. k at the correspondence point. 

the characteristic one in the AdS space. This has positive specific heat and is stable (eternal black 
hole). Moreover, at the temperature {3]jp = (d — l)/2irlAdS the saddle point of large black hole 
becomes comparable to that of the thermal AdS space and above the temperature it dominates the 
path integral. This is the Hawking-Page transition from thermal AdS to Schwarzschild black hole 
phase. It should be noted that the two types of black hole solution exist only for d > 2. For d = 2, 
we would like to emphasize that /3" 1 = 0, there is no small black hole saddle point, only BTZ black 
hole solution exists at any temperature |32j |33j . This may be seen easily by taking d — > 2 limit in 
FigEJ 

Let us now apply the strings/black hole correspondence to the Hagedorn strings in AdS space. 
As stated earlier, if we define the correspondence point at which the Hawking and Hagedorn 
temperatures match, i.e., 0bh{^+) = /3 S , then the entropies of both sides coincide if string entropy 
is given by f3 s M. Accordingly, we can determine the size of the corresponding black hole at the 
correspondence point. In flat space, the correspondence principle yields a black hole of string scale. 
However, in the AdS case there are two types of black holes to which strings can correspond when 
we specify the string temperature. This can be easily seen from (j83|) by assuming either r + <C IacLS 
or r + 3> I AdS- Upon imposing the correspondence condition 0BH(f+) = (3 S , for r + <C lAdS (small 
black hole with negative specific heat) we get 

" - d ~ 2 Ps(l + ^^^)<<lAds, (84) 



and for r + S> lAdS (large black hole with positive specific heat) we have 



d 0s 

which implies lAdS ^> As- We see that in both cases, we have 



4 " fAdS (85) 



I Ads » Ps. (86) 
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This can be seen as a prediction of the correspondence principle in AdS space in the two extreme 
cases we have explained above even without knowing the detailed ^-dependence of (3 S . Moreover, 
based on the semi-classical gravity the large black hole is more favored than the small one [8] , so 
we may expect the thermal Hagedorn strings will dynamically condensed into a large black hole. 

The validity and the outcome of the above argument will depend on the explicit /c-dependence 
of the Hagedorn inverse temperature (3 S which is unknown other than d = 2 case obtained in this 
paper. Therefore, we apply our result to the correspondence in AdS3 space (d = 2): Even though 
the metric in d = 2 case is slightly different from (|82p . the temperature-radius relation (|83p still 
holds and we have 

Pbtz = = 1 87 

r + r + 

where recall k = (lAds/h) 2 ■ Using (J571) and (i87|) . the correspondence condition Pbtz = PacLS yields 



r + k k — 2 



l s 2 V k -9/4' 

This relation is plotted in FigO It is interesting to see that there is a minimum size of BTZ/string 
state with r + (k)/l s ~ 1.69 if k = (35 + \/73)/16 ~ 2.72, however, we do not have a physical 
understanding for such the minimum. 

Obviously, for large k the size of the BTZ black hole at the correspondence point is far larger 
than the AdS as well as the string scale. This is in contrast to the case for the small black hole 
in AdS or flat space higher than the three dimensions, in which the corresponding black hole has 
a size comparable to the string scale. In the limit of k — > oo the Hagedorn temperature reduces 
to that of the string in the flat space but the corresponding black hole has infinite size and is no 
longer the solution of Einstein equation. We only have the thermal flat space as a solution. For the 
case that k is infinitely large but still finite, the space becomes almost flat but still we have a large 
black hole phase. This phase might be the end point of catastrophic Hagedorn divergence through 
the thermal tachyon condensation in almost flat space. 

On the other hand, for small k close to k$ ~ 2.26, i.e., its minimum value for unitary internal 
CFT, the size of black hole grows again and reach a size of r+/l s ~ 5.51 at k = k^. It is interesting 
to see that there is the ultimate black hole size at very stringy regime implied by the unitarity of 
the internal CFT. If there is no such a unitary constraint, then k can reach 9/4 which will result 
in a infinite size black hole. 

In summary, the dependence on k of our Hagedorn temperature implies that the conjectured 
strings/black hole correspondence in AdS3 space will yield a black hole of stringy size when AdS 
radius is of the order of the string scale, but yield a black hole with large size when AdS radius is 
far larger than the string scale. 



6 Strings on BTZ 

In this section, we consider the string theory on BTZ black hole background, which is obtained 
from the one on thermal AdS3 through the SL(2, Z) transformation on the moduli parameter of 
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the boundary torus [33] (see [35] for a review). According to this relation, the thermal and angular 
directions interchange their roles under the SL(2,Z) transformation, e.g., the thermal winding 
modes of string in AdS3 will become the angular winding modes of string in BTZ. Thus we obtain 
a part of the partition function of strings on BTZ. Here the resulting partition function does not 
contain the winding modes in the thermal direction thus it may not describe whole degrees of 
freedom on the BTZ. However, one can expect it still captures some part of the physics on it, as 
we will see shortly. 



P 



47T 2 fc 

0AdS 




PAdS 



Figure 4: The inverse temperature-radius relation for BTZ black hole. 
The moduli parameters for both sides are given 

0BTZ ( qc\\ 

TAd5 = Wf TBTZ = ^7% m 

respectively, and they are related through the modular transformation as r = — 1/tbtz then we 
have a relation between the inverse temperatures of strings in AdS3 and on BTZ as follows 

Pbtz = (90) 

Thus we obtain the partition function of strings on BTZ. Here we denote only on the part relevant 
to Hagedorn divergence which is given 

ZBTZ{PBTZ) ~ / dr 2 ■ ■ ■ exp I ^— ^1 . (91) 

It should be noted that the exponential factor is originated from the winding modes along not the 
thermal but the angular direction. This becomes diverge when 

0btz>^^^ 9 z . (92) 

PAdS 
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This is the Hagedorn F^l inverse temperature of the strings on BTZ. It is interesting to see that the 
string ensemble goes to diverge when the temperature is lower than the (Pbt^z) 1 as opposed to 
the ordinary case. This simply implies that BTZ black hole of low temperature is unstable due to 
the existence of stringy winding tachyon, even though it has a positive specific heat as implied by 
the gravity approximation. We can estimate, by noting (j87[) . the size of the BTZ black hole at the 
Hagedorn temperature as (see Fig 01) 

(mm) _ I^AdS / Q o\ 

The BTZ black hole smaller than this minimal size has a stringy halo in that the tachyon associated 
with the angular winding modes develops. As noted before, fi^ds ls °f string scale so is the r^ m \ 
This indicates the stringy a' correction to the gravity approximation makes the string size BTZ 
black hole unstable, as one will expect for string theory to be a theory of quantum gravity. 

As we mentioned above our thermal partition function on BTZ is not a complete one. A piece 
of evidence for this is the partition function (|9ip near the Hagedorn temperature behaves as 

zbtz([3btz) ~ j dE---e {l3BTZ ~ p BTz) E (94) 

which has wrong Boltzmann weight, i.e. normally it should be e~^ BTzE , and leads to pathological 
canonical ensemble entropy and micro-canonical ensemble density of states 0. Thus though we 
have obtained a criterion about the minimal size of the stable BTZ black hole background based 
on (|92p . we do not exclude a possibility that there is another Hagedorn temperature which gives 
rise to the thermal Hagedorn divergence to the BTZ partition function far above the temperature 
(f^BT^z) 1 - -^ this turns out to be the case, even a large black hole which is considered to be a final 
phase at high temperature as we argued before might not the ultimate one. 



7 Comments and Conclusion 



We would like to comment on the case with non-zero chemical potential /j,. One may wonder if we 
can generalize the above treatment for /j, = case to the /i / one. It turns out the integrand in 
the partition function after taking the r 2 —* limit is still too complicated to perform the necessary 
saddle-point approximation. Here we only give the partial result for the partition function in s = 
sector, i.e., Zq. 

Similar to the \i = case, after some analysis on the asymptotic behaviors of the factors in the 
theta function near the origin, we have 

Vim f d 2 T /3(l-2/fc) 1 /2 _ x f nUf \ 2 
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x exp 



Ao 4r 2 (47r 2 T 2 )( c -* +1 )/ 2 

cm + l)vrr 2 (1 - 2/k)p 2 
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6|t| 



47TT2 



+ 



6 2 
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11 We use the term Hagedorn here because the divergence in (|9ip bears the Hagedorn form, it should be distinguished 
from the thermal Hagedorn divergence. 

12 To figure out the micro-canonical ensemble density of states, one should correctly specify the contour direction 
for the inverse Laplace transform (|79p . The result is negative and thus pathological. 
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Unlike the [i = case, we can not solve the saddle-point equation in closed form, therefore, it is 
hard to extract the Hagedorn density of states in this case. However, the critical temperature is 
supposed to be read off from the exponential term by substituting t\/ti = H\k, i.e., the "pole 
line" of the s = sector, and the result is 



where @AdS 1S the Hagedorn inverse temperature without chemical potential found before. It is 
interesting to see that the Hagedorn temperature increases as the chemical potential increases. We 
think this result is acceptable because number of state decreases if we fix angular momentum of 
system. Then higher temperature than P^ds ma y De required to get sufficiently large number of 
states to realize the Hagedorn behavior. 

It should be emphasized that we have to justify whether ^Ads,^ is actual Hagedorn tempera- 
ture in n 7^ case or not. One might wonder that if other pole lines or inside region of A s gives 
Hagedorn behavior at some temperature lower than (^Ads,^- This is an interesting question and we 
leave it as an open problem. 

In summary, we have extracted the Hagedorn behavior of thermal AdS3 string from the exact 
1-loop partition function. We find that there exists a non-trivial Hagedorn temperature given in 
(j57|) which depends on the AdS radius scale. Besides, the corresponding canonical free energy 
and micro-canonical density of states resemble the ones for the flat space Hagedorn string with 
Cint + 1 non-compact dimensions. We also argue that the extra non-compact dimension encoded in 
the Hagedorn thermodynamics is the radial direction of AdS. The main technical and conceptual 
difficulties in deriving our results are the presences of the space-like long string configurations. In 
resolving these difficulties we have carefully taken care of the IR divergence and the extract the 
Hagedorn behavior by a well-defined saddle point approximation. Our results have some implication 
to the formulation of a correspondence principle for the formation of BTZ black hole from Hagedorn 
AdS strings. In contrast to the stringy size black hole formation from flat space Hagedorn strings, 
we find that the size of the condensed black hole could be large compared to the string scale if the 
AdS radius is large compared to the string scale. However, when the AdS radius is of order of the 
string scale we find that the corresponding black hole has a maximal size of order of the string scale 
due to the unitarity constraint for internal CFT. We do not know at this moment if this fact is 
implied by some deep truth for string theory at string scale and it deserves further study. We also 
examine strings on BTZ background obtained through SL(2, Z) transformation on the boundary 
torus of AdS3. We find a tachyonic divergence when a BTZ black hole is of order of the string scale 
and it provides a minimal size for stable BTZ black hole by taking into account the a' correction 
to the gravity approximation. 

We hope our results will be helpful to understand the nature of the Hagedorn thermodynamics 
of string theory in the generic gravitational backgrounds. 
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Appendix : Sub-dominant contribution form s ^ sectors 



Unlike the flat string case, here we have infinite number of pole lines inside the strip domain R. To 
capture the full Hagedorn thermodynamics of the AdS3 string, we need to evaluate the contribution 
of these s ^ pole lines to the partition function in each sub-strip A s ^o- Especially, we would like 
to examine the asymptotic behavior of each factor in |i?(t, i(3/2ir\/~k)\ 2 given in (I28p at t<i — > near 
small ti,t% region, also near the zeros of this function. 

As argued in discussing the s = sector, the factor (1 — e - 2mr / T ^ ' m |$(r, ift/2ir\' r k)\ 2 goes to 
1 in the small t\, ti region. And in this region the sin factor behaves as 



sin 



irU t 



exp 



0\n\ 

2Vk\r 



(97) 



The asymptotic behaviors of these two factors are independent of s, the remaining two factors in 
([28D are not. 

The exponents of the other two factors U^Lii 1 - e- 27Ti ^ r+u ^ T ) and Y[™ =1 {1 - e" 27 ^-^) in 
(1281) are 



1 



(3 2irrVk t\ 



S )_< ( 27 " TI=F ^) 



(98) 



In the above, the upper-sign part corresponds to the first factor, and the lower-sign one to the 
second factor. Inside the sub-strip A s ^ defined in ([37]) . the real part in ([9"5]) is constrained by 



2ir(s + 1 +r)Vk 2-irrVk 







< 







T\ 2it(s + r)\fk 

~2 ~ P ' 



2ir(s — r)yk 2-Kr^fk t\ 2ir(s + 1 — r)y/k 



(99) 
(100) 



From (|99p. we see that the real part is negative for all r such that the factor Ht-IqCI — e 2m ( r+u ^ T ) 
goes to 1 at T2 — * 0. However, from (jlOOH we see that the real part is negative for r > s and is 
positive for r < s, so that at r 2 -> U^s+ii 1 ~ e -2 ^^ - ^^) -* 1 and 



s-l 

no 

r=l 



s-l 

II- 

r=l 



-2m(r-U)/T 



J A F (-2 7rS ( S -l) T - 2+ 2( S -l)^) 



(101) 
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Finally, for r = s there are infinite number of poles lying on the boundary of the sub-strip, therefore 
we just do not further simplify it. Combined all the above, the theta function in the small t 2 region 
inside the sub-strip A s> o behaves like 

\Mr,U)\ 



, 1-1/2 

~ \t\ 1 exp 



1 

1 — exp 



1 



Pn ( (3t 2 

-27TST2 ± — — — i I 2-KSTl ± —= 

Vk \ yk 



(102) 



Thus we have for s > 1 

z s {(3) ~ 2V mt 
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drdd s (3(1 - 2/k) 1 / 2 r c "^- 1 
As 4sm9 s (An 2 rsm9 s )( c ^t+i)/2 

(3 cos 9 



exp 



-27rssin^ s ± 



Vk 



l ITTS COS 9 q ± 



where 



g(8 s 



k-2cos 2 9 s 2 (2s -1)| cos i 



-/3 



(cj„i + 1 + 12s(s - l))n sin 6> s 



-2 



47rfc sin 9 S ^fc 
Here we have changed to the polar coordinate by defining 



6 



r\ = r cos i 



T2 = r sin ( 



(103) 



(104) 



(105) 



In performing the integration of 9 S , the contribution from the boundary would dominate the inte- 
gral, thus we may regard it as a sharp saddle-point. In fact, it would give large contributions since 
it contained infinitely many poles before the regularization. The boundary of the sub-strip A s is 
located at 6L = 9* with 



tan#, 



P 



2nsVk 

By setting 9 S to 9 S in (|102p just to extract the large boundary contribution, we have 



(106) 
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where 



with 



ml -a 2 ) 

47Ty/p 2 + 4TT 2 S 2 k 



ft, 



2 = 4vr 2 
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k-2 



ks' 



(107) 



(108) 



(109) 



If we interpret 1/r as the energy, then we can extract the density of states from (|107p and examine 
the possible Hagedorn behavior. Note that the second line in (1107j) contains the regularized poles 
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but shows no exponential behavior for Hagedorn density of states. These poles can be understood 
as the long sting configurations discussed in [TU [17]. Instead, the Hagedorn behavior is encoded 
in the factor exp . However, (3% is always negative or zero as can be easily seen. In fact, it 

becomes zero only when k = 3, s = 1. Therefore, we conclude that there is no Hagedorn behavior 
in the sectors A s ^q- That is, the A s= q sector dominates the Hagedorn behavior over the others, 
and we need to only consider this sector when discussing the Hagedorn thermodynamics. 

References 



[i] 

[2] 
[3] 
[4] 
[5 
[6 
[7] 
[8] 
[9 

[10 

[11 
[12 



L. Susskind, "Some speculations about black hole entropy in string theory," 



arXiv:hep-th/9309145. 



G. T. Horowitz and J. Polchinski, "A correspondence principle for black holes and strings," 
Phys. Rev. D 55 (1997) 6189 [arXiv:hep-th/9612146] . 



R. H. Brandenberger and C. Vafa, "Superstrings in the Early Universe," Nucl. Phys. B 316 
(1989) 391. 

B. Sathiapalan, "Vortices on the String World Sheet and Constraints on Toral Compactifica- 
tion," Phys. Rev. D 35 (1987) 3277. 

Y. I. Kogan, "Vortices On The World Sheet And String's Critical Dynamics," JETP Lett. 45 
(1987) 709 [Pisma Zh. Eksp. Teor. Fiz. 45 (1987) 556]. 

J. J. Atick and E. Witten, "The Hagedorn Transition and the Number of Degrees of Freedom 
of String Theory," Nucl. Phys. B 310 (1988) 291. 

S. W. Hawking and D. N. Page, "Thermodynamics Of Black Holes In Anti-De Sitter Space," 
Commun. Math. Phys. 87 (1983) 577. 

E. Witten, "Anti-de Sitter space, thermal phase transition, and confinement in gauge theories," 
Adv. Theor. Math. Phys. 2 (1998) 505 [arXiv:hep-th/980313 1 1. 



J. L. F. Barbon and E. Rabinovici, "Touring the Hagedorn ridge," arXiv:hep-th/0407236 
"Closed-string tachyons and the Hagedorn transition in AdS space," JHEP 0203 (2002) 057 
|arXiv:hep-th/0112173 



M. Kruczenski and A. Lawrence, "Random walks and the Hagedorn transition," JHEP 0607 
(2006) 031 |arXiv:hep-th/0508148| . 

M. Brigante, G. Festuccia, H. Liu, "Hagedorn divergences and tachyon potential", 



hep-th/0701205} 



B. Sundborg, "The Hagedorn transition, deconfinement and N=4 SYM theory", Nucl. Phys. 



B573:349-363,2000; [hep-th/9908001 



25 



[13] O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas, M. Van Raamsdonk, "The Hagedorn - 
deconfinement phase transition in weakly coupled large N gauge theories", Adv. Theor. Math. 
Phys. 8:603-696,2004, |hep-t h / 0310285 ; "A First order deconfinement transition in large N 
Yang-Mills theory on a small S**3", Phys.Rev.D71:125018,2005, |hep-th/0502149| 
S. Minwalla, "Black holes in large N gauge theories", Class.Quant.Grav.23:S927-S956,2006. 

[14] O. Aharony, J. Marsano, S. Minwalla, T. Wiseman, "Black hole-black string phase 
transitions in thermal 1+1 dimensional supersymmetric Yang-Mills theory on a circle", 
Class.Quant.Grav.21:5169-5192,2004, |hep-th/0406210 , 



[15] H. Liu, "Fine structure of Hagedorn transitions", hep-th/0408001 . 

L. Alvarez-Gaume, C. Gomez, H. Liu, S.R. Wadia, "Finite temperature effective action, AdS(5) 
black holes, and 1/N expansion", Phys. Rev. D71:124023,2005, |hep-th/0502227| 
L. Alvarez-Gaume, P. Basu, M. Marino, S. R. Wadia, "Blackhole/String Transition for 
the Small Schwarzschild Blackhole of AdS(5)x S**5 and Critical Unitary Matrix Models", 
Eur.Phys.J.C48:647-665,2006, |hep-th/060504lj 

[16] J. M. Maldacena and H. Ooguri, "Strings in AdS(3) and SL(2,R) WZW model. I," J. Math. 
Phys. 42 (2001) 2929 [arXiv:hep-th/0001053| . 

[17] J. M. Maldacena, H. Ooguri and J. Son, "Strings in AdS(3) and the SL(2,R) WZW model. II: 
Euclidean black hole", J. Math. Phys. 42 (2001) 2961 [arXiv:hep-th/0005183] . 

[18] J. L. Cardy, "Operator Content Of Two-Dimensional Conformally Invariant Theories," Nucl. 
Phys. B 270, 186 (1986). 

[19] A. Giveon, D. Kutasov, E. Rabinovici and A. Sever, "Phases of quantum gravity in AdS(3) 
and linear dilaton backgrounds," Nucl. Phys. B 719 (2005) 3 [arXiv:hep-th/0503121] . 



[20] K. Gawedzki, "Noncompact WZW conformal field theories," arXiv:hep-th/9110076 



[21] J. Polchinski, "Evaluation Of The One Loop String Path Integral," Commun. Math. Phys. 
104 (1986) 37. 

[22] B. McClain and B. D. B. Roth, "MODULAR INVARIANCE FOR INTERACTING BOSONIC 
STRINGS AT FINITE TEMPERATURE," Commun. Math. Phys. Ill (1987) 539. 

[23] E. J. Ferrer, E. S. Fradkin and V. de la Incera, "Effect of a background electric field of the 
Hagedorn temperature," Phys. Lett. B 248 (1990) 281. 

[24] J. G. Russo and A. A. Tseytlin, "Constant magnetic field in closed string theory: An Exactly 
solvable model," Nucl. Phys. B 448 (1995) 293 [arXiv:hep-th/9411099| . 

[25] N. Deo, S. Jain, C.-I Tan, " Strings At High-Energy Densities And Complex Temperature", 
Phys. Lett. B220:125,1989; " String Statistical Mechanics Above Hagedorn Energy Density", 
Phys. Rev. D42:4105-4122,1990; "The Ideal Gas of Strings", HUTP-90/A079. N. Deo, S. Jain, 



26 



O. Narayan, C.-I Tan, "Effect of topology on the thermodynamic limit for a string gas", Phys. 
Rev. 45:3641, 1992. 

[26] S. A. Abel, J. L. F. Barbon, I. I. Kogan and E. Rabinovici, "String thermodynamics in D-brane 
backgrounds," JHEP 9904 (1999) 015 [ arXiv:hep-th/9902058| . 

[27] A. Nayeri, R. H. Brandenberger, C. Vafa, "Producing a scale- invariant spectrum of per- 
turbations in a Hagedorn phase of string cosmology", Phys. Rev. Lett. 97:021302,2006, 



hep-th/0511140. A. Nayeri, "Inflation Free, Stringy Generation of Scale- Invariant Cosmological 



Fluctuations in D = 3 + 1 Dimensions", hep-th/0607073. 

[28] P. Salomonson and B. S. Skagerstam, "On Superdense Superstring Gases: A Heretic String 
Model Approach," Nucl. Phys. B 268 (1986) 349, P. Salomonson and B. S. Skagerstam, 
"STRINGS AT FINITE TEMPERATURE," Physica A 158 (1989) 499. 

[29] D. Kutasov, "Accelerating branes and the string / black hole transition," 



arXiv:hep-th/0509170 



[30] G. T. Horowitz and J. Polchinski, "Self gravitating fundamental strings," Phys. Rev. D 57 
(1998) 2557 [arXiv:hep-th/9707170| . 

[31] T. Damour and G. Veneziano, "Self-gravitating fundamental strings and black holes," Nucl. 
Phys. B 568 (2000) 93 [arXiv:hep-th/9907030| . 

[32] M. Banados, C. Teitelboim and J. Zanelli, "The Black hole in three-dimensional space-time," 
Phys. Rev. Lett. 69 (1992) 1849 [arXiv:hep-th/920409 9 1 . 

[33] M. Banados, M. Henneaux, C. Teitelboim and J. Zanelli, "Geometry of the (2+1) black hole," 
Phys. Rev. D 48 (1993) 1506 [arXiv:gr-qc/9302012] . 

[34] J. M. Maldacena and A. Strominger, "AdS(3) black holes and a stringy exclusion principle," 
JHEP 9812 (1998) 005 |arXiv:hep-th/9804085] . 

[35] P. Kraus, "Lectures on black holes and the AdS(3)/CFT(2) correspondence," 
|arXiv:hep-th/0609074| 

[36] M. Berkooz, Z. Komargodski and D. Reichmann, "Thermal AdS(3), BTZ and competing 
winding modes condensation," arXiv:0706.0610 [hep-th]. 

[37] M. Rangamani and S. F. Ross, "Winding tachyons in BTZ," l arXiv:0706. 0663 [hep-th]. 



27 



